The γ + γ → J/ψ + c +c inclusive process is an extremely important subprocess in J/ψ production via photon-photon scattering, like at LEPII or various types future electron-positron colliders. In this work we perform the next-to-leading(NLO) QCD corrections to this process in the framework of non-relativistic QCD(NRQCD) factorization formalism, the first NLO calculation for two projectiles to 3-body quarkonium inclusive production process. By setting the center-of-mass energy at LEPII, the √ s = 197 GeV, we conduct analyses of the p 2 t distribution and total cross section of this process at the NLO accuracy. It turns out that the total cross section is moderately enhanced by the NLO correction with a K factor of about 1.46, and hence the discrepancy between DELPHI data and color-singlet(CS) calculation is reduced while the color-octet(CO) contributions are still inevitable at this order. At the future Circular Electron-Positron Collider(CEPC), the NLO corrections are found to be more significant, with a K factor of about 1.76.
The heavy quarkonium production and decay is an important topic to study in high energy physics, which may enrich our knowledge on quarkonium structure and the nonperturbative properties of QCD. The appearance of non-relativisitic QCD (NRQCD) factorization formalism makes the corresponding theoretical study on more solid footing [1] . Nevertheless, there still couple of open questions in the application of NRQCD, especially on quarkonium production mechanism. Whether we should appeal to the color-octet scheme, or to what extent it manifests itself in the description of quarkonium production is still a challenging question. A number of investigations indicate that the leading-order(LO) QCD calculation are inadequate to explain the experimental data. It turns out that some of the discrepancies between LO QCD calculation and experimental observation can be remedied by including higher order corrections, e.g. the double charmonium production at B factories [2] [3] [4] [5] [6] [7] [8] , but in some other cases the color-octet contributions are still indispensable, where the QCD higher order calculation is normally hard to proceed. To consider higher order contributions, including perturbative QCD and relativistic corrections, tends to be an inevitable task in the investigation of heavy quarkonium production.
Quarkonium production in γγ collision is an interesting topic to study, where the signals are relatively clean. In 2001, the DELPHI Collaboration reported its measurement on J/ψ inclusive production via photon-photon interaction in the run of LEPII [9] . Based on leading order NRQCD analyses, Klasen et al. [10] found that the DEL-PHI data evidently favor the NRQCD color-octet(CO) mechanism, but rather merely the conventional color-singlet(CS) model. However, it should be noted that in [10] the superficially higher order process γ + γ → J/ψ + c +c was not considered, but in fact later found is the dominant CS process [11] . Despite this, the great discrepancy between CS prediction and experiment data still remains. Nevertheless, before filling the gap by color-octet contributions, we should stretch our CS calculation as far as we can.
To this aim, we calculate the tedious next-to-Leading order(NLO) QCD corrections to γ +γ → J/ψ +c+c process in this work, the first true NLO calculation of 2 to 3 inclusive process in heavy quarkonium production.
In the calculation, the initial photons are assumed to be generated by the bremsstrahlung in high-energy electron-positron collision. The source of photons can be well formulated in the Weizsacker-Williams(WW) approximation as [12] :
where
min with x = E γ /E e , θ c the maximum scattering angle of electron and positron.
The total cross section of J/ψ production in photon-photon collision can be obtained by convoluting the γ +γ → J/ψ+c+c subprocess with the photon distribution functions, i.e.,
Here, the CS subprocess is calculated in NRQCD framework to the NLO, which can be schematically formulated as
In (3) the born level cross section, virtual and real corrections take the following forms:
Here Φ = λ 1/2 (s, 0, 0) is the flux; means sum (average) over the polarizations of final (initial) state particles; dP S 3 and dP S 4 denote for three-and four-body phase spaces, respectively.
The standard form of quarkonium spin projection operator is adopted in our calculation [2, 13, 14] . For color-singlet and spin-triplet quarkonium, it reads
Here, p andp are the momenta of quark and antiquark respectively; ǫ µ S is the polarization vector of the quarkonium, P = p +p denotes its four-momentum, and M = 2m c is the mass of quarkonium; E 2 = P 2 /4, N c = 3, and 1 c represents the unit color matrix.
For color-singlet and spin-singlet state, the projection operator could be obtained by replacing the ǫ * S in Eq.(5) by a γ 5 . In the case of J/ψ production, for leading order NRQCD relative velocity expansion, we are legitimate to take p =p = P/2.
The calculation is performed in the Feynman gauge, and the conventional dimensional regularization with D = 4 − 2ǫ is adopted in regularizing the ultraviolet and infrared divergences. In the end of the day, all ultraviolet divergences are completely canceled by renormalization, while the Coulombic singularities are factorized out and attributed to the NRQCD long-distance matrix elements. Infrared divergences arising from loop integration are canceled by including the real emission processes and renormalization terms.
In the calculation of the real corrections, the phase space slicing method [15] is adopted in order to separate the infrared singularities. The outgoing gluon with energy p 0 g < δ is considered to be soft, while p 0 g > δ is taken as a hard one. Then, the real corrections are factorized as
where the soft divergent term and finite part are properly separated.
The ultraviolet and infrared divergences also exist in the renormalization constants Z 2 , Z 3 , Z m , and Z g , which correspond respectively to the quark field, gluon field, quark mass, and strong coupling constant α s . Among them, Z g is defined in the modifiedminimal-subtraction (MS) scheme, while the other three are in the on-shell (OS) scheme.
Therefore, we can readily get the corresponding counter terms,
In the calculation, FeynArts counter diagrams for the renormalization. Self-written codes based on FeynCalc [17] are developed to apply the spin projector and to perform the tensor reduction. The package Fire [18] is employed to reduce all one-loop integrals to typical master-integrals A 0 , B 0 , C 0 , and D 0 , and which are numerically evaluated by the package LoopTools [19] . In the end, the overall integrals are performed numerically with the assistance of package CUBA [20] . Note, in the course of calculation, the packages $Apart [21] and FeynCalcFormLink [22] are sometimes used to facilitate the process.
In the numerical calculation, the inputs are commonly used and from the experiment measurement, i.e., α = 1/137.065, m c = 1.5 ± 0.1 GeV and m e = 0.511 MeV. The radial wave function at the origin of J/ψ is extracted from the J/ψ → e + e − process with the latest PDG data Γ(J/ψ → e + e − ) = 5.55 ± 0.14 ± 0.02 keV [23] , i.e. |R s (0)| 2 = 1.01 GeV 3 . The renormalization and the factorization scales are set to be the same, i.e. µ = µ r = µ f = r 4m 2 c + p 2 t . Here p t is the transverse momentum of J/ψ, and r = {0.5, 1, 2}. The two-loop formula for the running coupling constant α s (µ) is employed to gauge its scale dependence,
Here, L = ln(µ 2 /Λ 2 QCD ), β 0 = (11/3)C A − (4/3)T F n f , and GeV in order to exclude non-photoproduction processes in our calculation. Note that the feeddown factor 0.278 of ψ ′ → J/ψ + X to the concerned process is also included in our numerical calculation, which is deduced from the branching fraction and production rate of ψ ′ .
In Fig.2 , the J/ψ transverse momentum squared distributions through γ + γ → J/ψ + c +c process are illustrated for LEPII experimental environment. The DELPHI measurement [9] and contributions of other subprocesses [10] are shown as well for comparison. We notice from the plot that with the increase of p t , the NLO correction decreases and turns to be negative at about 8 GeV 2 . And, the tremendous discrepancy between experimental data and CS model prediction still remains even with the NLO QCD correction for γ + γ → J/ψ + c +c process, the dominant one. In this sense, the CO mechanism is still necessary to explain the experimental data.
The LO and NLO total cross sections within the integrated transverse momentum range 1 ≤ p 2 t ≤ 10 GeV 2 are given in Table. I. In order to show the influence of the renormalization scale and charm quark mass, we chose m c = 1.4, 1.5, 1.6 GeV and r = 0.5, 1, 2 respectively in the numerical evaluation. And find that the K factor at the central values of these parameters r and m c is about 1.46, the uncertainties induced by m c and r are even larger at NLO than that at LO. This is due to the fact that in small interval p 
The factor ξ and the strong coupling constant α s increase with the decrease of r and m c mostly in the region of 1 ≤ p 2 t ≤ 10 GeV 2 , which eventually leads to a relatively large uncertainties at NLO. We notice that the DELPHI measurement gives (6.4 ± 2.0) pb for J/ψ inclusive production in electron-position collision, while CS processes other than our concern only yields (0.39
−0.09 ) pb [10] . The total CS prediction after including the dominant process of γ +γ → J/ψ+c+c with NLO QCD correction is still 3 times smaller than the experimental data. Therefore, we may reasonably infer that to explain the J/ψ inclusive production data at LEP, merely color-singlet mechanism is not enough. In the future electron-positron colliders, like CEPC run at √ s = 250 GeV, the J/ψ production through γγ collision can be measured with high accuracy. Schematically, we also extend our research on γ + γ → J/ψ + c +c process to colliding energy of √ s = 250
GeV. The Weizsacker-Williams approximation is applied to the initial photons with the same θ c as in the discussion of LEPII case, while the constraint to the center-ofmass energy of two initial photons is not employed. Fig.3 shows the NLO and LO pb. The K factor here is about 1.76, quite larger than that at LEPII energy.
In conclusion, we have calculated the NLO QCD corrections to γ + γ → J/ψ + c +c process. The numerical evaluation aims at the LEPII experiment for illustration, in which the transverse momentum distribution is displayed, the total cross section is calculated, and the theoretical uncertainties are estimated. Result shows that for LEPII experiment, the NLO QCD corrections yield a K factor of 1.46, which indicates that the huge discrepancy between CS prediction and experimental observation remains and the CO contributions are still indispensable. The numerical evaluation is also performed at the future electron-positron collider, the CEPC, energy, and we find the NLO total cross section(0.432 pb) is about 1.76 times larger than the LO result(0.245 pb).
It is notable that in our calculation the initial photons are thought to be generated by the bremsstrahlung in electron-positron collision, which is well described by WW approximation. In the condition of high collision energy, more energetic and luminous photons can also be generated by laser back scattering(LBS) mechanism [26] , which will make a real photon collider.
